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Abstract
We review the notion of (anomalous) Poisson-Lie symmetry of a
dynamical system and we outline the Poisson-Lie symmetric defor-
mation of the standard WZW model from the vantage point of the
twisted Heisenberg double.
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1 Introduction
The concept of Poisson-Lie symmetry [1] of a dynamical system is a gener-
alization of ordinary Hamiltonian symmetry and it is characterized by the
presence of two Lie groups in the story. One of those groups is called a
symmetry group and it acts on a phase space of a dynamical system. The
structure of the other group (called cosymmetry group) underlies the way how
the action of the symmetry group is expressed in terms of Poisson brackets.
If the cosymmetry group is Abelian the Poisson-Lie symmetry is nothing but
the ordinary Hamiltonian symmetry known from every textbook on classical
mechanics. Sometimes the Poisson-Lie symmetry can be ”switched off” and
it becomes the ordinary symmetry. This happens for one-parameter families
of Poisson-Lie symmetric dynamical systems such that for a particular value
of the parameter the cosymmetry group becomes Abelian (see Example in
Section 3). In such case we say that the corresponding ordinary symmetry
is deformable. This short contribution has two purposes. First of all it aims
to be a very concise review of the concept of the (anomalous) Poisson-Lie
symmetry and, secondly, it wants to present the main results of the paper
[5] from the vantage point of the so-called twisted Heisenberg double [2].
In Sec 2, we review the definition of the Poisson-Lie group and in Sec 3, we
describe and illustrate the concept of the Poisson-Lie symmetry. In Sec 4, we
review the construction of the twisted Heisenberg double due to Semenov-
Tian-Shansky and we show that the structure of the standard WZW model
can be understood in its terms. Finally, in Sec 5, we show how to choose the
twisted Heisenberg double in order to obtain the q-deformation of the WZW
model.
2 Poisson-Lie groups
Let B be a Lie group and Fun(B) the algebra of functions on it. It is
well known that the group structure on B can be (dually) described by
the so called coproduct ∆ : Fun(B) → Fun(B) ⊗ Fun(B), the antipode
S : Fun(B)→ Fun(B) and the counit ε : Fun(B)→ R given, respectively,
by the formulae
∆y(b1, b2) = y
′(b1)y
′′(b2) = y(b1b2), S(y)(b) = y(b
−1), ε(y) = y(eB).
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Here y ∈ Fun(B), b, b1, b2 ∈ B, eB is the unit element of B and we use the
Sweedler notation for the coproduct:
∆y =
∑
α
y′α ⊗ y
′′
α ≡ y
′ ⊗ y′′.
Poisson-Lie group is a Lie group equipped with a Poisson-bracket {., .}B such
that
∆{y1, y2}B = {y
′
1, y
′
2}B ⊗ y
′′
1y
′′
2 + y
′
1y
′
2 ⊗ {y
′′
1 , y
′′
2}B, y1, y2 ∈ Fun(B). (1)
Consider the linear dual B∗ of the Lie algebra B = Lie(B). The Poisson-Lie
bracket {., .}B induces a natural Lie algebra structure [., .]
∗ on B∗. Let us
explain this fact in more detail: First of all recall that B∗ can be identified
with the space of right-invariant 1-forms on the group manifold B. We have
a natural (surjective) map φ : Fun(B)→ B∗ defined by
φ(y) = dy′S(y′′), y ∈ Fun(B).
Note that the 1-form φ(y) is right-invariant therefore it is indeed in B∗. Let
u1, u2 ∈ B
∗ and y1, y2 ∈ Fun(B) such that uj = φ(yj), j = 1, 2. Then we
have
[u1, u2]
∗ = φ({y1, y2}B).
It is the Poisson-Lie property (1) of {., .}B which ensures the independence
of [u, v]∗ on the choice of the representatives y1, y2. In what follows, the Lie
algebra (B∗, [., .]∗) will be denoted by the symbol G and G will be a (connected
simply connected) Lie group such that G = Lie(G). We note that G is often
referred to as the dual group of B.
3 Poisson-Lie symmetry
A dynamical system is a triple (M,ω, v) where M is a manifold, ω is a
non-degenerate closed 2-form on it and v is a vector field on M defining
the time evolution. One often considers the case when the vector field v is
Hamiltonian. This means that it exists a function H ∈ Fun(M) such that
v = ΠM(., dH).
2
Here ΠM is the so-called Poisson bivector (i.e. an antisymmetric contravari-
ant tensor field) onM obtained by the inversion of the symplectic form ω. An
expression ΠM (df, dg) for f, g ∈ Fun(M) is nothing but the Poisson bracket
{f, g}M .
Basic definition:
Let B be a Poisson-Lie group and G its dual group. We call the dynamical
system (M,ω, v) (G,B)-Poisson-Lie symmetric if G acts onM and if it exists
a surjection µ : M → B (called the momentum map) such that
i) The image Im(µ∗) of the (dual) momentum map is the Poisson subalgebra
of Fun(M) stable with respect to the evolution vector field v.
ii) The map w : Fun(B)→ V ect(M) given by
w(y) ≡ ΠM(., µ
∗φ(y)), y ∈ Fun(B)
is the homomorphism of Lie algebras fulfilling Im(w) = Lie(G).
Remarks and explanations:
a) The group G is called the symmetry group since it is the one which acts
on the phase space M . B is called the cosymmetry group and it underlies
(via φ) the way how the G-action is described via the Poisson bracket on M .
b) Both Fun(B) and V ect(M) are naturally Lie algebras, the former with
respect to the Poisson bracket {., .}B, the latter with respect to the Lie
bracket of vector fields on M . When writing Im(w) = Lie(G) we mean that,
using the action of G on M , Lie(G) is embedded in V ect(M).
c) If the dual map µ∗ : Fun(B) → Fun(M) is a Poisson morphism (i.e.
if {µ∗y1, µ
∗y2}M = µ
∗{y1, y2}B) the Poisson-Lie symmetry is called non-
anomalous. If µ∗ is not the Poisson morphism the symmetry is called anoma-
lous.
Example of non-anomalous Poisson-Lie symmetry:
For G we take the group SU(2) whose elements are matrices of the form(
α −β¯
β α¯
)
, α, β ∈ C,, αα¯+ββ¯ = 1. ForB we take a three-dimensional man-
ifold R3 with the usual cartesian coordinates denoted as J i ∈ Fun(B), i =
3
1, 2, 3. The group structure on B is (dually) defined by the coproduct, the
antipode and the counit
∆J1 = eǫJ
3
⊗ J1 + J1 ⊗ e−ǫJ
3
, (2a)
∆J2 = eǫJ
3
⊗ J2 + J2 ⊗ e−ǫJ
3
, (2b)
∆J3 = 1⊗ J3 + J3 ⊗ 1, (2c)
S(J i) = −J i, ε(J i) = 0, i = 1, 2, 3. (2d)
The Poisson-Lie bracket on B is given by
{J3, J1}B = J
2, {J3, J2}B = −J
1, {J1, J2}B =
sinh(2ǫJ3)
2ǫ
. (3)
Let us now describe a (G,B)-dynamical system (M,ωǫ, v). For M we
take C2(= R4) and we parametrize it by two complex coordinates A,B ∈
FunC(M) given in terms of the cartesian coordinates of R4 as A = x1+ ix2,
B = x3 + ix4. For the (ǫ-independent) evolution vector field v we take
v = −
i
2
(AA¯+BB¯)
(
A¯
∂
∂A¯
+ B¯
∂
∂B¯
−A
∂
∂A
−B
∂
∂B
)
Instead of detailing the symplectic form ωǫ, we directly describe the Poisson
bracket which it induces. Thus:
{A, A¯}M = i
√
1 + ǫ2(AA¯+BB¯)2 + iǫBB¯,
{B, B¯}M = i
√
1 + ǫ2(AA¯+BB¯)2 − iǫAA¯,
{A,B} = −iǫAB, {A¯, B¯} = iǫA¯B¯, {A, B¯} = 0, {A¯, B} = 0.
Note that in the limit ǫ → 0 the bracket on M = R4 becomes just the
Darboux Poisson bracket.
The action of G = SU(2) on M is given by
(
A
B
)
→
(
α −β¯
β α¯
)(
A
B
)
(4)
The comomentum map µ∗ǫ reads
µ∗ǫ(J
3) = −
1
2ǫ
ln
(√
1 + ǫ2(AA¯ +BB¯)2 + ǫ(BB¯ − AA¯)
)
,
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µ∗ǫ(J
1) =
1
2
(A¯B + AB¯) exp (ǫµ∗ǫ(J
3)),
µ∗ǫ(J
2) =
i
2
(A¯B −AB¯) exp (ǫµ∗ǫ(J
3)),
It is straightforward to verify that Im(µ∗ǫ) is the Poisson subalgebra of
Fun(M). Indeed, we have
{J3, J1}M = J
2, {J3, J2}M = −J
1, {J1, J2}M =
sinh(2ǫJ3)
2ǫ
.
where we have (somewhat abusively) written just J j instead of µ∗ǫ(J
j). It
turns out that the evolution vector field v is Hamiltonian. The Hamiltonian
Hǫ reads
Hǫ = (J
1)2 + (J2)2 +
sinh2(ǫJ3)
ǫ2
and fulfils
{H, Jk}M = 0, k = 1, 2, 3.
Thus Im(µ∗) is indeed evolution invariant as it should.
Now we calculate
φ(J1) = eǫJ
3
dJ1 − J1d(eǫJ
3
),
φ(J2) = eǫJ
3
dJ2 − J2d(eǫJ
3
),
φ(J3) = dJ3.
The map w is indeed the Lie algebra homomorphism (this can be checked by
using (3) ) and it gives three vector fields acting on f ∈ Fun(M):
w(J1)f = eǫJ
3
{f, J1}M − J
1{f, eǫJ
3
}M ,
w(J2)f = eǫJ
3
{f, J2}M − J
2{f, eǫJ
3
}M ,
w(J3)f = {f, J3}M .
Whatever is the value of ǫ, the vector fields w(Jk) turn out to be the same:
w(J1) = −
i
2
(
B¯
∂
∂A¯
+ A¯
∂
∂B¯
− B
∂
∂A
− A
∂
∂B
)
w(J2) = −
1
2
(
B¯
∂
∂A¯
− A¯
∂
∂B¯
+B
∂
∂A
− A
∂
∂B
)
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w(J3) = −
i
2
(
A¯
∂
∂A¯
− B¯
∂
∂B¯
− A
∂
∂A
+B
∂
∂B
)
They verify
[w(J j), w(Jk)] = −ǫjklw(J l),
where ǫjkl is the well-known alternating symbol. For completeness, let us
mention that the vector fields w(Jk) indeed encode the infinitesimal version
of the action (4) of the group G = SU(2) on M = C2, as they should.
Deformation program
Let us first clarify the role of the (real) parameter ǫ in the example above.
Actually, Eqs. (2abcd) define a one-parameter family Bǫ of the cosymmetry
groups. Note that for ǫ = 0 the group B0 is Abelian (the group law becomes
just the addition of vectors in R3) and the brackets (3) become the Kirillov-
Kostant brackets on the dual of the Lie algebra su(2)(= R3). Thus, for ǫ = 0,
the vector fields w(Jk) become all Hamiltonian (i.e. w(Jk)f = {f, Jk}M) and
the dynamical system (M,ω0, v) is symmetric in the ordinary sense.
More generally, having a dynamical system (M,ω, v) possessing an ordinary
symmetry with respect to the group G acting on M in the Hamiltonian
way, the deformation program consists in finding a one-parameter family of
cosymmetry groups Bǫ and a one parameter family of (G,Bǫ)- Poisson-Lie
symmetric dynamical systems (M,ωǫ, v) in such a way that for ǫ = 0 we
recover the original system (M,ω, v). In particular, this means that ω = ω0
and B0 becomes the Abelian group.
Note that in the deformation process the manifoldM = C2 was not deformed,
neither the action of the symmetry group G = SU(2) onM and not even the
evolution vector field v. Only the symplectic form ω and the cosymmetry
group B got deformed. Such situation takes place also for q-WZW model.
4 Twisted Heisenberg double
The basic observation which triggered our work is as follows: The ordinary
WZW model is a particular example of a general construction of (anomalous)
Poisson-Lie symmetric systems known under the name of twisted Heisenberg
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double [2]. Let us describe this construction in more detail by stating two
lemmas:
Lemma 1:
Consider a Lie group D equipped with a non-degenerated bi-invariant metric
and possessing two maximally isotropic subgroups G and B. Let κ be a
metric preserving automorphism of D and let T i and ti be the respective
basis of G = Lie(G) and B = Lie(B) such that (T i, tj)D = δ
i
j. Then the
(basis independent) expression
{f1, f2}D ≡ ∇
R
T if1∇
R
ti
f2 −∇
L
κ(ti)
f1∇
L
κ(T i)f2, f1, f2 ∈ Fun(D) (5)
is a non-degenerated Poisson bracket making D a symplectic manifold.
Remarks and explanations:
a) The groupD equipped with the Poisson bracket {., .}D is called the twisted
Heisenberg double of G. We denote as ωD the symplectic form corresponding
to {., .}D.
b) Bi-invariant means both left- and right-invariant. The non-degenerated
bi-invariant metric on D obviously induces an Ad-invariant non-degenerate
bilinear form (., .)D on D = Lie(D). An isotropic submanifold of D is such
that the induced metric on it vanishes. Maximally isotropic means that it is
not contained in any bigger isotropic submanifold.
c) The vector fields ∇L,RT are defined as
∇LTf(K) =
(
d
ds
)
s=0
f(esTK), ∇RT f(K) =
(
d
ds
)
s=0
f(KesT ),
where K ∈ D, T ∈ D.
Lemma 2:
Suppose that the automorphism κ preserves the subgroup B and two global
unambigous decompositions holds: D = BG and D = κ(G)B. Consider
(surjective) maps ΛL,ΛR : D → B induced by the decompositions D = BG
and D = κ(G)B, respectively. Let v be any vector field leaving invariant the
images of their dual maps Λ∗L,Λ
∗
R : Fun(B) → Fun(D). Then (D,ωD, v)
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is the Poisson-Lie symmetric dynamical system with the symmetry group
G×G and the cosymmetry group B × B. The symplectic form ωD reads
ωD =
1
2
(Λ∗LρB
∧, ρD)D −
1
2
(Λ∗RρB
∧, λD)D, (6)
the group G×G acts as
(hL, hR) ⊲ l = κ(hL)lh
−1
R , hL, hR ∈ G, l ∈ D
and the momentum map µ : D → B ×B is given by µ = ΛL × ΛR.
Remarks and explanations:
a) Global unambigous decomposition D = κ(G)B means that for every ele-
ment l ∈ D it exists a unique g ∈ G and a unique b ∈ B such that l = κ(g)b−1.
Similarly for D = BG: it exists a unique g˜ ∈ G and a unique b˜ ∈ B such
that l = b˜g˜−1.
b) ρD ( λD) is right(left)-invariant Maurer-Cartan form on the group D,
Λ∗L(R)ρB is the pull-back of the right-invariant Maurer-Cartan form on B by
the map Λ∗L(R).
Example: The standard WZW model.
Let K be a simple connected and simply connected compact Lie group and
LK the group of smooth maps from a circle S1 into K (the group law is
given by pointwise multiplication). It is important for us that there exists a
natural non-degenerate invariant bilinear form (.|.) on LK ≡ Lie(LK) given
by formula
(α|β) =
1
2π
∫
dσ(α(σ), β(σ))K, (7)
where the angle variable σ ∈ [−π, π] parametrizes the circle S1 and (., .)K is
the (appropriately normalized) Killing-Cartan form on K ≡ Lie(K).
For the twisted Heisenberg double D we take the semidirect product of LK
with its Lie algebra LK. Thus the group multiplication law on D reads
(g, χ).(g˜, χ˜) = (gg˜, χ+ Adgχ˜), g ∈ LK, χ ∈ LK.
8
Lie algebra D of D has the structure of semidirect sum D = LK
→
⊕ LK where
the second composant of the semidirect sum has trivial zero bracket. Thus
[χ⊕ α, ξ ⊕ β] = [χ, ξ]⊕ ([χ, β]− [ξ, α]),
where χ, ξ ∈ LK are in the first and α, β ∈ LK in the second composant of
the semidirect sum. The bi-invariant metric on D comes from Ad-invariant
bilinear form (., .)D on D defined with the help of (7):
(χ⊕ α, ξ ⊕ β)D = (χ|β) + (ξ|α).
The metric preserving automorphism κ of the group D reads
κ(g, χ) = (g, χ+ k∂σgg
−1)
where k is an (integer) parameter. The maximally isotropic subgroups are
G = LK and B = LK. Note that B is Abelian since the group law is
given just by the addition of vectors in LK. It is simple to establish the
decompositions D = κ(G)B and D = BG. Indeed, we have for every g ∈
LK, χ ∈ LK
(g, χ) = (g, k∂σgg
−1)(e, Adg−1χ− kg
−1∂σg) = (e, χ).(g, 0),
where e is the unit element of LK.
The symplectic form ωD on D is given by (6) and it reads (cf. [3, 4])
ωD = d(JL|ρ) +
1
2
k(ρ|∂σρ),
where ρ is a LK-valued right-invariant Maurer-Cartan form on LK often
written as ρ = dgg−1 and JL is LK-valued function on D defined by
JL(g, χ) = χ.
In order to define the Hamiltonian H we need one more LK-valued function
on D denoted JR. Thus
JR(g, χ) = −Adg−1χ + kg
−1∂σg
9
and
H = −
1
2k
(JL|JL)−
1
2k
(JR|JR).
Let us study the symmetry structure of our dynamical system (D,ωD, H).
First of all, the symmetry group G×G = LK × LK acts on D as follows
(hL, hR) ⊲ (g, χ) = (hLgh
−1
R , k∂σhLh
−1
L + hLχh
−1
L ), hL, hR, g ∈ LK, χ ∈ LK.
(8)
The cosymmetry group B×B is LK⊕LK (with Abelian group law given by
the addition of vectors). The (commutative) algebra Fun(LK) is generated
by linear functions Fχ of the form
Fχ(ξ) = (χ|ξ), χ, ξ ∈ LK,
hence the algebra Fun(B×B) = Fun(LK)⊗Fun(LK) is generated by linear
functions FLχ , F
R
χ . The Abelian group law on B × B is then encoded in the
coproduct, antipode and counit on Fun(B ×B):
∆FL(R)χ = 1⊗ F
(L)R
χ + F
(L)R
χ ⊗ 1, S(F
L(R)
χ ) = F
L(R)
−χ , ε(F
L(R)
χ ) = 0.
The Poisson-Lie bracket on B × B is given by
{Fχ ⊗ 1, Fξ ⊗ 1}B×B = F[χ,ξ] ⊗ 1, (9a)
{1⊗ Fχ, 1⊗ Fξ}B×B = 1⊗ F[χ,ξ], (9a)
{Fχ ⊗ 1, 1⊗ Fξ}B×B = 0, (9c)
The (dual) momentum map µ∗ : Fun(B × B)→ Fun(D) is simply
µ∗(FLχ ) = µ
∗(Fχ ⊗ 1) = (JL|χ), µ
∗(FRχ ) = µ
∗(1⊗ Fχ) = (JR|χ), χ ∈ LK.
In order to illustrate that the WZW model (D,ωD, H) is indeed (G×G,B×
B)-Poisson-Lie symmetric, we have to verify the items i) and ii) of the
Basic definition of Section 3. First we notice that Im(µ∗) is the Poisson
subalgebra of Fun(D). Indeed, it is not difficult to calculate
{(JL|χ), (JL|ξ)}D = (JL|([χ, ξ]) + k(χ|∂σξ), (10a)
{(JR|χ), (JR|ξ)}D = (JR|([χ, ξ])− k(χ|∂σξ), (10b)
10
{(JL|χ), (JR|ξ)}D = 0. (10c)
(By comparing (9abc) with (10abc) we see that µ∗ is not the Poisson mor-
phism hence the symmetry is anomalous). Then we verify, that Im(µ∗) is
stable with respect to the time evolution. Indeed, we have
{(JL|χ), H}D = (JL|∂σχ).
{(JR|χ), H}D = −(JR|∂σχ).
Verifying the item ii) of the basic definition is also easy. First we identify
Fun(D) = Fun(LK)⊗ Fun(LG) and, by inverting the symplectic form ωD,
we find
{f1 ⊗ 1, f2 ⊗ 1}D = 0, {f ⊗ 1, 1⊗ Fχ}D = ∇
L
χf ⊗ 1,
{1⊗ Fχ, 1⊗ Fξ}D = 1⊗ F[χ,ξ] + k(χ|∂σξ)1⊗ 1.
Then it is easy to calculate
w((JL|χ))(f ⊗ 1) = {f ⊗ 1, (JL|χ)}M = (∇
L
χf ⊗ 1), f ∈ Fun(LK).
w((JL|χ))(1⊗ Fξ) = {1⊗ Fξ, (JL|χ)}D = 1⊗ F[ξ,χ] + k(ξ|∂σχ)1⊗ 1,
w((JR|χ))(f ⊗ 1) = {f ⊗ 1, (JR|χ)}D = −(∇
R
χf ⊗ 1), f ∈ Fun(LK).
w((JR|χ))(1⊗ Fξ) = 0.
We thus see that the vector fields w((JL|χ)) and w((JR|χ)) indeed generate
the infinitesimal version of the action (8) of the symmetry group LK × LK
on the algebra of observables Fun(D).
5 q-WZW model
The deformation program outlined in Section 3 can be applied to the stan-
dard WZW model (cf. [5, 6]). The resulting theory is called a quasitriangular
WZW model and it can be described in rather explicit fashion by performing
the so-called chiral decomposition. The technical presentation of the con-
struction of the q-WZW is however lengthy and it cannot be presented on a
small space of few pages. Therefore we shall restricts ourselves to the very
beginning and the very end of the story:
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The twisted Heisenberg double underlying the q-WZW model is the loop
group LKC consisting of smooth maps from the circle S1 into the complex-
ified group KC. (For example, the complexification of SU(2) is SL(2,C)).
It is important to stress that LKC is viewed as real group. The invariant
nondegenerate bilinear form (., .)D on D = Lie(LK
C) is then defined as
(x, y)D =
1
ǫ
Im(x|y), x, y ∈ D,
where (.|.) is just the bilinear form (7) naturally extended to LKC , Im stands
for the imaginary part (not for the image of a map as before!) and ǫ is the
deformation parameter. The metric preserving automorphism κ of LKC is
defined most easily if we view the group LKC as a group of holomorphic
maps from a Riemann sphere without poles into the complex group KC.
(Clearly, the loop circle S1 is identified with the equator). Then
κ(l)(z) = l(eǫkz), l ∈ LKC,
where z is the usual complex coordinate on the Riemann sphere and k is the
same integer parameter which appears also in the standard WZW model.
The maximally isotropic subgroup G is nothing but LK (the isotropy is a
direct consequence of the fact that (.|.) is real when restricted to LK) andB =
L+K
C is defined as the group of holomorphic maps from the Riemann sphere
without the north pole into the complex group KC. We require moreover,
that the value of this holomorphic map at the south pole is an element of
the group AN defined by the Iwasawa decomposition KC = KAN . It is
not difficult to establish the isotropy of L+K
C (cf. Sec 4.4.1 of [5]). Finally,
the existence of the global decomposition D = LKC = κ(LK)(L+K
C) =
κ(G)B = BG was proved in [7].
The symplectic structure on D = LKC is defined by the formula (6) . It
turns out that the symplectic manifold D has the structure of the (reduced)
product P ×P of two copies of a simpler symplectic manifold P called chiral
q-WZW model. The points of the manifold P are maps m : R→ K, fulfilling
the monodromy condition
m(σ + 2π) = m(σ)e−2πix,
where x is an element of the Weyl alcove of the Cartan subalgebra of Lie(K).
The symplectic structure on P is completely characterized by the following
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matrix Poisson bracket:
{m(σ) ⊗, m(σ′)}P = (m(σ)⊗m(σ
′))Bε(x, σ−σ
′)+ εrˆ(σ−σ′)(m(σ)⊗m(σ′)),
(11)
where rˆ(σ) is a trigonometric solution of the ordinary Yang-Baxter equation
with spectral parameter
rˆ(σ) = r + Ccotg
1
2
σ,
C is the Casimir element defined by
C =
∑
µ
Hµ ⊗Hµ +
∑
α>0
|α|2
2
(E−α ⊗ Eα + Eα ⊗ E−α).
and
r =
∑
α>0
i|α|2
2
(E−α ⊗Eα − Eα ⊗ E−α).
The matrix Bε(x, σ) is the so called Felder’s elliptic r-matrix [8] and it solves
the dynamical Yang-Baxter equations with spectral parameter.
Bε(x, σ) =
= −
i
κ
ρ(
iσ
2κε
,
iπ
κε
)Hµ ⊗Hµ −
i
κ
∑
α
|α|2
2
σ〈α,x〉(
iσ
2κε
,
iπ
κε
)Eα ⊗ E−α.
The elliptic functions ρ(z, τ), σw(z, τ) are defined as (cf. [8])
σw(z, τ) =
θ1(w − z, τ)θ
′
1(0, τ)
θ1(w, τ)θ1(z, τ)
, ρ(z, τ) =
θ′1(z, τ)
θ1(z, τ)
.
Note that θ1(z, τ) is the Jacobi theta function
1
θ1(z, τ) = −
∞∑
j=−∞
eπi(j+
1
2
)2τ+2πi(j+ 1
2
)(z+ 1
2
),
the prime ’ means the derivative with respect to the first argument z and
the argument τ (the modular parameter ) is a nonzero complex number such
that Im τ > 0.
1We have θ1(z, τ) = ϑ1(piz, τ) with ϑ1 in [9].
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We note that in the limit ǫ→ 0 the symplectic structure (11) becomes that
of the ordinary chiral WZW model (cf. [5]). The time evolution in q-WZW
model is the same as in the non-deformed case, i.e.
[m(σ)](τ) = m(σ − τ),
where τ is the evolution parameter (time).
The chiral model P turns out to be Poisson-Lie symmetric with respect to the
natural left action of LK on P . For a detailed exposition of this fact see [5],
here we just mention what is the ǫ-deformation of the standard Kac-Moody
commutation relation (10a). Thus we set
L(σ) = m(σ + iκǫ)m−1(σ − iκǫ)
and we use the fundamental Poisson brackets (11) to find well-known rela-
tions of deformed current algebra [10]:
{L(σ) ⊗, L(σ′)} = (L(σ)⊗ L(σ′))εrˆ(σ − σ′) + εrˆ(σ − σ′)(L(σ)⊗ L(σ′))
−(1⊗L(σ′))εrˆ(σ−σ′+2iεκ)(L(σ)⊗1)−(L(σ)⊗1)εrˆ(σ−σ′−2iεκ)(1⊗L(σ′)).
(12)
6 Concluding remarks
Perhaps the most remarkable result of our deformation program is the fact
that the structure of the deformed chiral WZW model is essentially charac-
terized by the Felder elliptic dynamical r-matrix [8]. In particular, we find
quite amazing that from so small input (the group structure of LKC) such
a nice mathematical object like Felder’s matrix naturally emerges. We have
shown another interesting thing, namely, the trigonometric deformed current
algebra (12) is underlied by a more fundamental elliptic structure (11).
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